The two-flavor Gell-Mann-Oakes-Renner ratio is expressed in terms of low-energy ππ observables including the O(p 6 ) double chiral logarithms, computed in Generalized Chiral Perturbation Theory. It is found that their contribution is important and tends to compensate the one from the single chiral logarithms.
Introduction
Low-energy ππ scattering offers the rare possibility to test a fundamental property of the QCD vacuum, the strength of quark-antiquark condensation1) . The knowledge of this quantity is crucial to understand the mechanism of spontaneous chiral symmetry breakdown (SBχS) in the Standard Model. The quark condensate, as every other order parameter, depends on the number of massless flavors N f , and will in general experience a paramagnetic suppression as N f increases 2) . It turns out that what can actually be measured from low-energy ππ scattering is the quark condensate in the limit of two massless flavors, N f = 2. The question to be addressed is to which extent N f = 2 is close to a critical point wheredisappears and chiral symmetry is eventually broken by higher-dimensional order parameters 3) . The proper framework to analyze phenomenologically the issue is provided by the generalized version of Chiral Perturbation Theory (χPT) 1) in the case of SU(2)×SU(2) chiral symmetry. This is a reorganization of the standard expansion of χPT 4) in which the quark condensate parameter B is considered formally as a small quantity, in order to account for the possibility that the linear and quadratic terms, in the expansion of the pion mass M 2 π in powers of quark masses m u = m d =m, be of the same order. The chiral counting is modified accordingly, together with its renormalization at 1 loop. At present, the low-energy ππ phase-shifts are rather poorly known, but considerable improvements are expected to come soon from new high-luminosity K e4 decays experiments, performed at Brookhaven and DAΦNE. These new data, together with the recent numerical solutions of Roy Equations 6) , will allow to extract the two S-wave scattering lengths or, equivalently, the two parameters α and β, introduced in Ref. 7 ) and representing respectively the amplitude and the slope at the symmetrical point s = t = u = 4/3M 2 π . In this perspective, we have established the relationship between the two-flavor quark condensate, expressed through the deviation from the Gell-Mann-Oakes-Renner relation,
and the parameters α and β, including the leading O(p 6 ) double logarithmic corrections to the 1-loop result of Generalized χPT.
Double chiral logs
Due to the smallness of the pion mass, double chiral logarithms are among the potentially most dangerous contributions at order O(p 6 ). As first pointed out in Ref. 8) they can be obtained from a 1-loop calculation, using the fact that, in the renormalization procedure, non-local divergences must cancel. Setting the spacetime dimension d = 4 + ω to regulate the theory, all the low-energy constants (l.e.c.'s) of the generalized Lagrangian with k derivatives and n powers of the scalar source,
We thus replace F 2 with µ 2ω F 2 , making appear explicitly the scale parameter µ brought in by the regularization procedure. Since each loop involves a factor F −2 , the chiral expansion of a generic amplitude A, apart from an overall dimensional factor, takes the form,
where P
1,2 i
are polynomials in the l.e.c.'s and g i and f i are loop-functions of the kinematical variables, expressed in terms of dimensionless quantities. After writing the Laurent expansions of the loop-functions and of the coupling constants,
and imposing the cancellation of the non-local divergences ∼ 1/ω log M π , one finds that the double chiral logarithms are given by the residues g i,1 of the pole in ω, and always occur in the same combination with the terms ∼ c r i log(M π /µ),
Γ i being the β-function coefficients of the l.e.c. c i . Notice that at order O(p 6 ) we never have to deal with products like Γ i Γ j , since all 1-loop divergences are at least O(p 4 ). We display the result for M π and F π , where all l.e.c.'s, here and in the following, are renormalized at a scale µ:
3 The GOR ratio
The amplitude for ππ scattering up to O(p 6 ) has been first given in Ref. 7) , using dispersive techniques, independently of any assumption about the size of the chiral condensate. It can be expressed in terms of 6 parameters, α, β, λ 1 , ..., λ 4 ,
The λ i 's can be determined from a set of twice subtracted fixed-t dispersion relations (Roy Equations), whereas α and β can be related to the two subtraction constants. Most of the sensitivity tois contained in the parameter α, which, at tree level, varies from 1 to 4 ifis decreased from its standard value down to zero. The complete two-loop SχPT calculation of Ref. 9 ) allows in addition to express the six parameters in terms of the l.e.c.'s 10) . It is interesting to notice that, in this standard case, the double chiral logarithms constitute by far the largest O(p 6 ) contribution to α. An explicit calculation in GχPT, along the lines described in the previous section, yields,
It is easy to check that these formulae, when restricted to the standard case, agree with the ones displayed in Ref. 10) based on the complete two-loop calculation. Eliminating the constant A in favor of α and ξ (2) in favor of β, one can express the GOR ratio of Eq. (2) as function of the combination α + 2β,
